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A NEW CLASS OF p-ADIC LIPSCHITZ FUNCTIONS AND
MULTIDIMENSIONAL HENSEL’S LEMMA
FAUSTO BOLIVAR-BARBOSA, EDWIN LEO´N-CARDENAL,
AND JOHN JAIME RODRI´GUEZ-VEGA
Abstract. In this work we study p-adic continuous functions in several vari-
ables taking values on Zp. We describe the orthonormal van der Put base
of these functions and study various Lipschitz conditions in several variables,
generalizing previous work of Anashin. In particular, we introduce a new class
of p-adic Lipschitz functions and study some of their properties. We also prove
a Hensel’s lifting lemma for this new class of functions, generalizing previous
results of Yurova and Khrennikov.
1. Introduction
The theory of non-Archimedean dynamical systems has been studied intensively
in recent years, not only from the theoretical point of view but also from a prac-
tical one. A non-Archimedean field K is an ordered field that does not satisfy the
Archimedean property, i.e. that every element is bounded above by a natural num-
ber. Examples of such fields include Qp, the field of p-adic numbers (see Section 2
for a formal definition), Cp the complete algebraically closed p-adic field, the Levi-
Civita field, the hyperreal numbers and FqJT K, the ring of formal power series in one
variable T over a finite field Fq. A very general theory of dynamical systems over
non-Archimedean fields, including the theory over Berkovich spaces, is developed
in [6]. The dynamical ergodic theory of Qp (the model for non Archimedean local
fields of characteristic zero) is studied in [4]. In this article we will be concerned
with the latter approach.
Some of the problems in the dynamical ergodic theory of Qp can be addressed
by understanding the Qp-Banach space of continuous functions from S to Qp, for
S ⊆ Qp. Under some assumptions on S, it is possible to define a notion of or-
thogonality for continuous functions from S to Qp. Then we have several choices
for orthogonal or orthonormal bases, being the Mahler and the van der Put bases
the main orthonormal ones, see Section 3. Using this approach there have been
some characterizations of measure preserving functions, ergodic functions and lo-
cally scaling functions, among others, see e.g. [1–5, 11, 13, 15, 22, 23]. Some related
results about dynamical ergodic theory of FqJT K, are presented in [10, 12]. Other
interesting investigations in the field include [8, 15, 16, 18, 19].
However, our focus on this work is only tangential to dynamical systems. Is
mainly related with number theory, more precisely with the existence of roots of
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p-adic functions. In [23], Yurova and Khrennikov introduce a new criterion for
finding a root of certain p-adic continuous functions, by looking at their van der
Put expansion, see Section 3 for precise definitions. Over the p-adics, Hensel’s
lifting lemma asserts that for f(x) ∈ Zp[x] and a0 ∈ Zp verifiying
(1.1) f(a0) ≡ 0 mod p and f
′(a0) 6≡ 0 mod p,
there is a unique a ∈ Zp such that f(a) = 0 and a ≡ a0 mod p. Hensel’s lemma
is known for polynomials with coefficients in non Archimedean local fields of char-
acteristic zero, or more generally, for Laurent series in CpJxK. Moreover, there are
several equivalent forms of Hensel’s lemma, see e.g. [7, 17, 20]. In many of these
generalizations a hypothesis of type (1.1) is required, that is, there is always a
condition about differentiability involved. But over Qp the classical notion of dif-
ferentiability is not very useful, see e.g [21, Ch. 5, Sec. 1] or [22, Ch. 2, Sec. 26],
and there are several approaches to overcome this feature of p-adic analysis, see
[4, 21, 22].
One compelling fact about the work in [23], is that there is no assumption about
differentiability. What the authors proved in [23, Thm 2.4] is that for a subclass
of 1-Lipschitz functions, it is possible to determine if f : Zp → Zp has a root,
by solving a finite number of congruences. This subclass of 1-Lipschitz functions is
characterized in terms of the coefficients of their van der Put expansion. In [23, Thm
3.3] the authors provide similar conditions for finding roots of some pα-Lipschitz
functions.
Some recent generalizations of the aforementioned results are given in [13,14,24].
For instance, in [24] the same authors provide a new proof of their main result
[23, Thm 2.4], by using a new representation of p-adic functions, the so called
sub-coordinate representation. In [13], Jeong provides an equivalent statement for
[23, Thm 2.4] by using the representation of a p-adic function in the Mahler base.
In [14], the authors generalize [23, Thm 2.4] for general continuous functions. In
this work we take a step forward by generalizing [23, Thm 2.4] to the case of higher
dimensional p-adic functions, i.e. functions from Znp to Zp.
It seems that the study of p-adic continuous functions in several variables is not
equally developed as the case of just one variable. To the best of our knowledge, the
only notable exceptions are the works of Anashin in [1,2,4]. In this work we begin a
thoughtful review of the p-adic analysis of continuous functions in several variables.
This includes a description of the orthonormal van der Put base of C(Znp → Zp) in
Theorem 4.1. We also provide a generalization of the multivariate p-adic Lipschitz
conditions, given by Anashin in [4, Def. 3.25], see our Definition 4.2. In Theorem
4.2 we characterize the coefficients of the van der Put expansion of our new type
of Lipschitz functions, this characterization is then used to prove a multivariate
version of [23, Thm 2.4], see our Theorem 5.2. Finally we revisited [23, Thm 3.3]
and provide an equivalent new statement in Theorem 3.3, which is later generalized
in Theorem 5.1.
2. p-adic numbers and p-adic functions
In this section we summarize the basic aspects of the field of p-adic numbers, for
an in-depth discussion the reader may consult e.g. [4, 21, 22].
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We fix a prime number p. Let x be a non-zero rational number. Then, x = pk a
b
,
with p ∤ ab, and k ∈ Z. The p-adic absolute value of x is defined as
|x|p =
{
p−k, if x 6= 0,
0, if x = 0.
The p-adic distance over Q is defined as d(x, y) := |x − y|p, for x, y ∈ Q. The
field of p-adic numbers Qp is defined as the completion of Q with respect to the
distance d. Any p-adic number x 6= 0 has a unique representation of the form
(2.1) x = pγ
∞∑
i=0
xip
i,
where γ = γ(x) ∈ Z, xi ∈ {0, 1, . . . , p − 1}, x0 6= 0. The integer γ is called the
p-adic order of x, and it will be denoted as ord(x). By definition ord(0) = +∞.
A relevant fact about the p-adic norm | · |p is that it is ultrametric or non-
Archimedean, i.e. one has
|x+ y|p ≤ max{|x|p, |y|p}, for any x, y ∈ Qp.
A basis of open sets for the topology of the metric space (Qp, d), is given by the
open balls Br(a) with center a ∈ Qp and radius p
r (with r ∈ Z):
Br(a) = {x ∈ Qp : |x− a|p ≤ p
r}.
The unit ball
Zp = {x ∈ Qp : |x|p ≤ 1} = {x ∈ Qp : x =
∞∑
i=i0
xip
i, i0 ≥ 0},
is a compact set in (Qp, d). It is also a ring, more precisely, it is a domain of
principal ideals. Any ideal of Zp has the form
pmZp = {x ∈ Zp : x =
∑
i≥m
xip
i}, m ∈ N.
This shows that pZp is a maximal ideal. The residue field of Qp is Zp/pZp ∼= Fp,
the finite field with p elements.
From (2.1) it follows that any x ∈ Qp is a limit of a sequence {x
(n)}n∈N of
rational numbers
x(n) = pγ(x0 + x1p+ · · ·+ xnp
n).
The sequence {x(n)}n∈N is called the standard sequence, see [22, Sec. 62]. The
standard sequence of an element x ∈ Zp consists of non-negative integers and it is
eventually constant if x ∈ Z. For a non-negative integer m and a p-adic integer x
we will write
m ⊳ x
if m is one of the numbers x(0), x(1), . . .. In this case we will say that m is an initial
part of x.
Definition 2.1. If m ∈ Z≥0, then (2.1) takes the form m = m0 + m1p + · · · +
ms−1p
s−1 +msp
s, with ms 6= 0. Note that this expression is just the expansion of
m in base p. We set
m∗ := m−msp
s,
where s = s(m) = ⌊logpm⌋.
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3. van der Put Bases and Hensel’s Lemma for Univariate Functions
3.1. van der Put Bases. We shall consider the Qp-vector space of continuous
functions from Zp to Qp, that will be denoted by C(Zp → Qp). By endowing
C(Zp → Qp) with the supremum norm
||f ||∞ = max
x∈Zp
|f(x)|p for f ∈ C(Zp → Qp),
it turns out that C(Zp → Qp) is a non-Archimedean Banach space, see [22, Sect.
22]. In addition, it is possible to define a notion of orthogonality over C(Zp → Qp),
see [22, Sect. 50]. A particular feature of ultrametric analysis is that there are
several choices for orthogonal or orthonormal bases, being the Mahler and the van
der Put bases the main orthonormal ones, see e.g. [22, Thm. 51.1] and [22, Thm.
62.2].
In this article we shall consider the van der Put base of C(Zp → Qp), consisting
of locally constant functions.
Theorem 3.1 (van der Put Base [22, Thm 62.2]). For x ∈ Zp and m ∈ Z≥0, the
functions e0, e1, . . . defined by
em(x) =
{
1, if m ⊳ x,
0, otherwise,
form an orthonormal base (the van der Put base) of the space C(Zp → Qp). If
f : Zp → Qp is continuous and has the expansion
(3.1) f(x) =
∞∑
m=0
Bmem(x), x ∈ Zp,
then for m ∈ Z≥0, Bm =
{
f(m)− f(m∗), if m ≥ p,
f(m), otherwise.
There is another space of functions that is relevant for our purposes.
Definition 3.1. Take α ∈ Z≥0. A function f : Zp → Zp is called a p
α−Lipschitz
function if for every x, y ∈ Zp,
(3.2) |f(x)− f(y)|p ≤ p
α|x− y|p.
The set consisting of all pα−Lipschitz functions is denoted Lipα. The set of 1-
Lipschitz functions, i.e. when α = 0, is denoted Lip1.
Note that condition (3.2) is equivalent to the following: for k ≥ 1 + α,
(3.3) x ≡ y mod pk implies f(x) ≡ f(y) mod pk−α.
The class Lipα is characterized in terms of the van der Put expansion (3.1), as
follows.
Proposition 3.1. [11, Thm. 3.6] If f(x) =
∑∞
m=0Bmem(x) is a continuous func-
tion from Zp to Zp, then f ∈ Lipα if and only if for every m ≥ 0
(3.4) |Bm|p ≤ p
−⌊logp m⌋+α.
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In such case, one has bαm := p
−⌊logp m⌋+αBm ∈ Zp. In particular, see [5, Thm.
5], for a continuous function from Zp to Zp, f(x) =
∑∞
m=0Bmem(x), one has that
f ∈ Lip1 if and only if for every m ≥ 0
|Bm|p ≤ p
−⌊logp m⌋.
In this case, one has bm := p
−⌊logp m⌋Bm ∈ Zp.
3.2. Hensel’s Lemma. In [23] the authors investigate the existence of roots of
continuous functions f : Zp → Zp satisfying some Lipschitz condition. Their main
results are stated in Theorems 3.2 and 3.3 bellow.
For any p-adic integer z, we denote by zk the reduction modulo pk of z. When
k = 1 we will just use z. For a function f : Zp → Zp, f
k
corresponds to the
reduction modulo pk of all the coefficients of the van der Put expansion of f .
Theorem 3.2. Let f : Zp → Zp be a function in the class Lip1, represented via
van der Put series as f(x) =
∑∞
m=0 bmp
⌊logp m⌋em(x).
(1) [23, Thm 2.1]. The function f has a root in Zp if and only if the equations
f
k
(x) ≡ 0 mod pk, are solvable for every k ≥ 1.
(2) [23, Thm 2.4]. Let l0 be a positive integer and let z be an integer with
0 ≤ z < pl0 and satisfying
f(z) ≡ 0 mod pl0 .
For any non negative integers l,m with l0 ≤ l,m < p
l and such that m ≡
z mod pl0 , assume that{
bm+rpl ; r = 1, 2, . . . , p− 1
}
= {1, 2, . . . , p− 1}.
Then there exists a unique ζ ∈ Zp such that f(ζ) = 0 and ζ ≡ z mod p
l0 .
The form of the precedent statement of Theorem 3.2 was taken from [14]. A
version of this theorem for functions in the class Lipα is given in [23, Thm 3.2] and
[23, Thm 3.3]. There, the authors state their results in terms of some sub-functions
associated to f ∈ Lipα, see [23, Thm 3.1]. We present bellow equivalent statements
of these results, not involving sub-functions, but based on observation (3.4). The
proof of such statement is analogous to the proof of [23, Thm 2.4], we present here
our proof for the sake of completeness.
Theorem 3.3. Let f : Zp → Zp be a function in the class Lipα, represented via
van der Put series as f(x) =
∑∞
m=0 b
α
mp
⌊logp m⌋−αem(x).
(1) The function f has a root in Zp if and only if the equations f
k
(x) ≡ 0 mod
pk−α, are solvable for every k ≥ 1 + α.
(2) Let l0 be a positive integer and let z be an integer with 0 ≤ z < p
l0+α such
that
f(z) ≡ 0 mod pl0+α.
For any non negative integers l,m with l0 + α ≤ l,m < p
l and such that
m ≡ z mod pl0+α, assume that{
p−αbm+rpl ; r = 1, 2, . . . , p− 1
}
= {1, 2, . . . , p− 1}.
Then there exists a unique ζ ∈ Zp such that f(ζ) = 0 and ζ ≡ z mod p
l0+α.
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Proof. The first part is an easy variation of the corresponding proof of [23, Thm
2.1]. For the second part, we shall show that it is possible to lift the root z of f
modulo pl0+α to a root in Zp. We start by assuming that
f(zˆ) := f(z + zl0+α+1p
l0+α+1 + · · ·+ zl−1p
l−1) ≡ 0 mod pl,
i.e. that f(zˆ) = tpl, for some t ∈ Z. Our first task is to find i ∈ {0, . . . , p− 1} such
that
(3.5) f(zˆ + ipl) ≡ 0 mod pl+1.
By Theorem 3.1, Bzˆ+ipl = f(zˆ+ip
l)−f(zˆ), thus (3.5) is reduced to Bzˆ+ipl +f(zˆ) ≡
0 mod pl+1, which in turn is reduced to pl−αbα
zˆ+ipl + tp
l ≡ 0 mod pl+1. Dividing by
pl, we get p−αbα
zˆ+ipl + t ≡ 0 mod p. This last equation has a unique solution due
to the hypothesis on the set
{
p−αbm+rpl ; r = 1, 2, . . . , p− 1
}
.
The process described above shows that one may construct a sequence
Z = (z, z + zl0+α+1p
l0+α+1, . . . , zˆ, zˆ + zlp
l, . . .),
where f(zˆ+zlp
l) ≡ 0 mod pl+1 and zˆ+zlp
l ≡ zˆ mod pl. It follows that the sequence
Z converges to some p-adic integer ζ and f(ζ) = 0, being ζ unique by the continuity
of f . 
4. Continuous functions in several variables
In this section we will develop some analogues of the results in Sections 2 and 3,
for multivariate functions, i.e. functions F : Znp → Zp.
4.1. Qnp and p−adic multivariate functions. We extend the p-adic norm to Q
n
p
by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Q
n
p .
We define ord(x) = min
1≤i≤n
{ord(xi)}, then ||x||p = p
−ord(x). The metric space
(Qnp , || · ||p) is a separable complete ultrametric space (here, separable means that
Qnp contains a countable dense subset, which is Q
n ).
For r ∈ Z, we denote by
Bnr (a) = {x ∈ Q
n
p : ||x− a||p ≤ p
r}
the ball of radius pr with center at a = (a1, . . . , an) ∈ Q
n
p , and take B
n
r (0) := B
n
r .
Note that Bnr (a) = Br(a1)×· · ·×Br(an), where Br(ai) := {xi ∈ Qp : |xi−ai|p ≤
pr} is the one-dimensional ball of radius pr with center at ai ∈ Qp. The ball B
n
0
equals the product of n copies of B0 = Zp. We will prefer the notation Z
n
p , since
it is also the local ring of Qnp . Note that, as in the one dimensional case, Z
n
p is a
compact set in the topology of (Qnp , || · ||p).
We may also consider the Qp-vector space of continuous functions from Z
n
p to
Qp, that will be denoted by C(Z
n
p → Qp). In this case one may shown in analogy
with [22, Sect. 22], that the supremum norm given by
||F ||∞ = max
x∈Znp
|F (x)|p for F ∈ C(Z
n
p → Qp),
makes C(Znp → Qp) a non-Archimedean Banach space. The orthonormal van der
Put base of C(Znp → Qp) is described in the next theorem, for which the following
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auxiliary functions are introduced. Given a continuous function F : Znp → Qp, we
define the following family of recursive functions
F0 : Z
n
≥0 → Qp
(m1,m2, . . . ,mn) 7→ F0(m1,m2, . . . ,mn) = F (m1,m2, . . . ,mn),
F1 : Z
n−1
≥0 → Qp
(m2, . . . ,mn) 7→ F0(m1,m2, . . . ,mn)− F0(m
∗
1,m2, . . . ,mn),
where the positive integer m1 (and consequently m
∗
1) is fixed. For fixed m2, the
function F2 is defined by
F2 : Z
n−2
≥0 → Qp
(m3, . . . ,mn) 7→ F1(m2, . . . ,mn)− F1(m
∗
2, . . . ,mn),
and for fixed mi, the function Fi is defined by
Fi : Z
n−i
≥0 → Qp
(mi+1, . . . ,mn) 7→ Fi−1(mi,mi+1, . . . ,mn)− Fi−1(m
∗
i ,mi+1, . . . ,mn).
Finally, for fixed mn−1, the function Fn−1 is defined by
Fn−1 : Z≥0 → Qp
mn 7→ Fn−2(mn−1,mn)− Fn−2(m
∗
n−1,mn).
Theorem 4.1. For x = (x1, . . . , xn) ∈ Z
n
p and m = (m1, . . . ,mn) ∈ Z
n
≥0, the
functions
Em(x) = em1(x1) · · · emn(xn),
form an orthonormal base (the van der Put base) of the space C(Znp → Qp). Here
the functions emi(xi) are the functions described in Theorem 3.1. Moreover, if
F : Znp → Qp is continuous and has the expansion
F (x) =
∑
m∈Zn
≥0
AmEm(x) =
∑
m1≥0
· · ·
∑
mn≥0
Am1,...,mn em1(x1) · · · emn(xn),
then
(4.1) Am1,...,mn = F (m1, . . . ,mn), when mi < p, for every i = 1, . . . , n,
and in other case
(4.2) Am1,...,mn = Fn−1(mn)− Fn−1(m
∗
n).
Proof. Note that the definition of em1(x1), . . . , emn(xn) implies
F (m1,m2, . . . ,mn) =
∑
i1⊳m1
∑
i2⊳m2
· · ·
∑
in⊳mn
Ai1,i2,...,in .
If every mi < p, this implies (4.1). In other case, when we split the first sum up to
m∗1 and then m1, we get
F (m1,m2, . . . ,mn) =
∑
i1⊳m
∗
1
∑
i2⊳m2
· · ·
∑
in⊳mn
Ai1,i2,...,in +
∑
i2⊳m2
· · ·
∑
in⊳mn
Am1,i2,...,in
= F (m∗1,m2, . . . ,mn) +
∑
i2⊳m2
· · ·
∑
in⊳mn
Am1,i2,...,in ,
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which is equivalent to
(4.3)
F0(m1,m2, . . . ,mn)− F0(m
∗
1,m2, . . . ,mn) = F1(m2,m3, . . . ,mn)
=
∑
i2⊳m2
· · ·
∑
in⊳mn
Am1,i2,...,in .
We now repeat the process and split the first sum up to m∗2 and then m2, to obtain
F1(m2,m3, . . . ,mn) =
∑
i2⊳m
∗
2
· · ·
∑
in⊳mn
Am1,i2,...,in +
∑
i3⊳m3
· · ·
∑
in⊳mn
Am1,m2,...,in .
By (4.3) the first term in the RHS is equal to F1(m
∗
2,m3, . . . ,mn), giving
F1(m2,m3, . . . ,mn)− F1(m
∗
2,m3, . . . ,mn) = F2(m3, . . . ,mn)
=
∑
i3⊳m3
· · ·
∑
in⊳mn
Am1,m2,...,in .
After k iterations of the process we get
Fk(mk+1, . . . ,mn) =
∑
ik+1⊳mk+1
· · ·
∑
in⊳mn
Am1,...,mk,ik+1,...,in .
Finally n− 1 iterations gives
Fn−1(mn) =
∑
in⊳mn
Am1,...,mn−1,in =
∑
in⊳m∗n
Am1,...,mn−1,in +Am1,...,mn ,
which proves (4.2).
We now proceed to show that {Em}m∈Zn
≥0
is an orthonormal base. Let F (x1, . . . , xn)
be an arbitrary element of C(Znp → Qp), and consider the series
G(x1, . . . , xn) := F (0, . . . , 0) e0(x1) · · · e0(xn)
+
∑
m1,...,mn∈Z≥0
[Fn−1(mn)− Fn−1(m
∗
n)] em1(x1) · · · emn(xn),
where there is at least one positive index.
The uniform continuity of F (x1, . . . , xn) implies that
lim
m1,...,mn→∞
Fn−1(mn)− Fn−1(m
∗
n) = 0,
which implies that G(x1, . . . , xn) converges uniformly, i.e. G ∈ C(Z
n
p → Qp). Now,
from the definition of G we have
G(m1, . . . ,mn) = F (m1, . . . ,mn), for (m1, . . . ,mn) ∈ Z
n
≥0,
and then by continuityG(x1, . . . , xn) = F (x1, . . . , xn). This shows that {Em}m∈Zn
≥0
is a generating set for C(Znp → Qp). Finally we shall show that {Em} is an or-
thonormal set. To do so, note that, clearly ||F ||∞ ≤ supm |Am|p. On the other
hand, the ultrametric property implies that
|Am|p = |Fn−1(mn)− Fn−1(m
∗
n)|p ≤
max{|F (m1, . . . ,mn)|p, . . . , |F (m1, . . . ,m
∗
i1
, . . . ,m∗ik , . . . ,mn)|p, . . . , |F (m
∗
1, . . . ,m
∗
n)|p}
≤ ||F ||∞,
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where the maximum is taken over the indices appearing in the nested differences
defining Fn−1(mn)− Fn−1(m
∗
n). We conclude that
||F ||∞ = sup
m
|Am|p,
which completes the proof. 
Remark 4.1. (1) The first part of Theorem 4.1 is proposed in [22, Ex. 62D,
pg. 192] as an exercise to the reader in the case of two variables. Our proof
of this first part is inspired on the proof of [22, Thm. 62.2]. The proof of
the second part of Theorem 4.1, i.e. the determination of the coefficients,
is our own contribution.
(2) Note that there are several equivalent choices for the auxiliary functions Fi.
For instance we could have chosen
F1(m1, . . . ,mn−1) = F0(m1, . . . ,mn−1,mn)− F0(m1, . . . ,mn−1,m
∗
n),
and then the subsequent Fi accordingly. The only change in our proof would
have been the splitting step, beginning with the last sum each time.
Example 4.1. Let us illustrate the nested sequence of differences defining the
coefficients of the van der Put expansion of Theorem 4.1. We take n = 4 and
(m1,m2,m3,m4) = (i, j, k, l) to get
Aijkl = F3(l)− F3(l
∗)
= F (i, j, k, l)− F (i∗, j, k, l)− [F (i, j∗, k, l)− F (i∗, j∗, k, l)]
−[F (i, j, k∗, l)− F (i∗, j, k∗, l)] + [F (i, j∗, k∗, l)− F (i∗, j∗, k∗, l)]
−[F (i, j, k, l∗)− F (i∗, j, k, l∗)] + [F (i, j∗, k, l∗)− F (i∗, j∗, k, l∗)]
+[F (i, j, k∗, l∗)− F (i∗, j, k∗, l∗)]− [F (i, j∗, k∗, l∗)− F (i∗, j∗, k∗, l∗)].
4.2. Multivariate p-adic Lipschitz functions.
Definition 4.1. [4, Def. 3.25] Take β ∈ Z≥0. A continuous function F : Z
n
p → Zp
is called a pβ-Lipschitz function if for every x,y ∈ Znp ,
|F (x)− F (y)|p ≤ p
β ||x− y||p.
Recall that for x,y ∈ Znp , ||x − y||p := max1≤i≤n |xi − yi|p. Let Mx,y := M ∈
{1, 2, . . . , n} be the index such that ||x − y||p := |xM − yM |p. Then F : Z
n
p → Zp
is a pβ−Lipschitz function if and only if
(4.4) xM ≡ yM mod p
k implies F (x) ≡ F (y) mod pk−β , for k ≥ 1 + β.
When β = 0, a pβ-Lipschitz function is just called a 1-Lipschitz function.
Property (4.4) motivates the following new definition of p-adic Lipschitz func-
tions.
Definition 4.2. Take α = (α1, . . . , αn) ∈ Z
n
≥0. A function F : Z
n
p → Zp is called
a pα-Lipschitz function if for every x,y ∈ Znp ,
|F (x)− F (y)|p ≤ max
1≤i≤n
{pαi |xi − yi|p}.
Now, for a given α = (α1, . . . , αn) ∈ Z
n
≥0, let Nx,y(α) := N ∈ {1, 2, . . . , n} be
the index such that pαN |xN − yN |p = max1≤i≤n{p
αi |xi − yi|p}, then the analogue
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of property (4.4), can be stated as follows. F : Znp → Zp is a p
α-Lipschitz function
if and only if
xN ≡ yN mod p
k implies F (x) ≡ F (y) mod pk−αN , for k ≥ 1 + αN .
Example 4.2. (1) The function F (x, y) = x−x
p
p
+ y is a p(1,0)-Lipschitz func-
tion.
(2) For i ∈ {1, . . . , n}, let fi(xi) be a function in the class Lipαi . Define
F (x1, . . . , xn) as
F (x1, . . . , xn) = f1(x1) + · · ·+ fn(xn).
Then F (x1, . . . , xn) is a p
(α1,...,αn)-Lipschitz function.
Remark 4.2. Note that when α = (α1, . . . , αn) = (β, . . . , β) with β ∈ Z≥0, a
pα-Lipschitz function is also a pβ-Lipschitz function.
For the next result we will introduce some notation. For a function F : Znp →
Zp,x = (x1, . . . , xn) 7→ F (x), and a fixed index l ∈ {1, . . . , n}, we denote by fl(z)
the projection function
fl(z) : Zp → Zp
z 7→ fl(z) = F (x1, . . . , xl−1, z, xl+1, . . . , xn).
(4.5)
Proposition 4.1. Let F : Znp → Zp be a p
α-Lipschitz function, then the univariate
function fl(z) ∈ Lipαl . Reciprocally, if F : Z
n
p → Zp is a continuous function
and if fl(zl) ∈ Lipαl , for every l ∈ {1, . . . , n}, then F (x) is a p
(α1,...,αn)-Lipschitz
function.
Proof. For the first part, assume that z ≡ w mod pk, then |z − w|p ≤ p
−k and
||(x1, . . . , xl−1, z, xl+1, . . . , xn) − (x1, . . . , xl−1, w, xl+1, . . . , xn)||p ≤ p
−k. By the
pα-Lipschitz condition on F
|fl(z)− fl(w)|p ≤ p
αl−k,
which shows that fl(z) ∈ Lipαl .
For the second part we first consider the case n = 2. Note that for every fixed
x2 ∈ Zp, one has
(4.6) |F (z1, x2)− F (w1, x2)|p = |f1(z1)− f1(w1)|p ≤ p
α1 |z1 − w1|p,
while for every fixed x1 ∈ Zp
(4.7) |F (x1, z2)− F (x1, w2)|p = |f2(z2)− f2(w2)|p ≤ p
α2 |z2 − w2|p.
Replacing x2 by z2 in (4.6) and x1 by z1 in (4.7), one gets
|F (z1, z2)− F (w1, w2)|p = |F (z1, z2)− F (w1, z2) + F (w1, z2)− F (w1, w2)|p
≤ max{|F (z1, z2)− F (w1, z2)|p, |F (w1, z2)− F (w1, w2)|p}
≤ max{pα1 |z1 − w1|p, p
α2 |z2 − w2|p}.
The general case follows by induction on n. 
In particular, one has that if F is a pβ-Lipschitz function, each fl in (4.5) belongs
to Lipβ . And if each projection fl belongs to Lipβ , then F is a p
β-Lipschitz function.
It is also possible in the n-dimensional case to give a characterization of pα-
Lipschitz functions in terms of van der Put expansions. We present first an example.
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Example 4.3. Consider the coefficients of the van der Put expansion given in
Example 4.1. We rearrange the sum as follows:
Aijkl = [F (i, j, k, l)− F (i
∗, j, k, l)]− [F (i, j∗, k, l)− F (i, j∗, k∗, l)]
−[F (i, j, k∗, l)− F (i, j, k∗, l∗)] + [F (i∗, j, k∗, l)− F (i∗, j∗, k∗, l)]
−[F (i, j, k, l∗)− F (i∗, j, k, l∗)] + [F (i∗, j∗, k, l)− F (i∗, j∗, k, l∗)]
+[F (i, j∗, k, l∗)− F (i, j∗, k∗, l∗)]− [F (i∗, j, k∗, l∗)− F (i∗, j∗, k∗, l∗)].
Each term in brackets on the RHS presents only a variation in one place, and these
variations occur in each variable from i to l.
Theorem 4.2. Let F (x) =
∑
m∈Zn
≥0
AmEm(x) be a continuous function from Z
n
p
to Zp. If F is a p
α-Lipschitz function then
|Am1,...,mn | ≤ p
min{−⌊logp m1⌋+α1,...,−⌊logp mn⌋+αn},
for every m = (m1, · · · ,mn) ∈ Z
n
≥0.
Proof. Note that by construction, each term in the nested set of differencesAm1,...,mn =
Fn−1(mn)− Fn−1(m
∗
n) has the form
F (m1, . . . ,m
∗
i1
, . . . ,m∗ik , . . . ,mn)− F (m
∗
1, . . . ,m
∗
i1
, . . . ,m∗ik , . . . ,mn),
see for instance Example 4.1. If F is a pα-Lipschitz function, then by Proposition
4.1, the function f1(z) ∈ Lipα1 , which implies
(4.8) |Am1,...,mn | ≤ p
−⌊logp m1⌋+α1 .
Now, from the second part of Remark 4.1 we know that we may choose another
equivalent set of auxiliary functions F̂i where the l-th variable is fixed along every
step of the definition of F̂i. This would lead to a nested set of differences of the
form
F (. . . ,m∗i1 , . . . ,ml, . . . ,m
∗
ik
, . . .)− F (. . . ,m∗i1 , . . . ,m
∗
l , . . . ,m
∗
ik
, . . .),
and by using the fact that fl(z) ∈ Lipαl , one equally concludes
|Am1,...,mn | ≤ p
−⌊logp ml⌋+αl .
In general we will have
|Am1,...,mn | ≤ p
min{−⌊logp m1⌋+α1,...,−⌊logp mn⌋+αn}.

Corollary 4.1. When F (x) =
∑
m∈Zn
≥0
AmEm(x), is a p
α-Lipschitz function,
then
am1,...,mn := p
min{−⌊logp m1⌋+α1,...,−⌊logp mn⌋+αn}Am1,...,mn ∈ Zp.
Equivalently
Am1,...,mn = p
−min{−⌊logp m1⌋+α1,...,−⌊logp mn⌋+αn}am1,...,mn
= pmax{⌊logp m1⌋−α1,...,⌊logp mn⌋−αn}am1,...,mn ,
for some am1,...,mn ∈ Zp.
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In particular, when F is a pβ-Lipschitz function then for everym = (m1, · · · ,mn) ∈
Zn≥0
|Am1,...,mn | ≤ p
min{−⌊logp m1⌋,...,−⌊logp mn⌋}+β
Moreover, when F is a 1-Lipschitz function, one may assume that
Am1,...,mn = p
max{⌊logp m1⌋,...,⌊logp mn⌋}am1,...,mn
for some am1,...,mn ∈ Zp. These observations constitute the keystone of the following
generalizations of Theorem 3.2 and Theorem 3.3.
5. Multivariate Hensel’s Lemma
Definition 5.1. With the definitions of Theorem 4.1, we set
R(m1, . . . ,mn) = Am1,...,mn − [F (m1,m2, . . . ,mn)− F (m
∗
1,m2, . . . ,mn)].
Example 5.1. Recall the definitions of Example 4.1, then
R(i, j, k, l) = −[F (i, j∗, k, l)− F (i∗, j∗, k, l)]
−[F (i, j, k∗, l)− F (i∗, j, k∗, l)] + [F (i, j∗, k∗, l)− F (i∗, j∗, k∗, l)]
−[F (i, j, k, l∗)− F (i∗, j, k, l∗)] + [F (i, j∗, k, l∗)− F (i∗, j∗, k, l∗)]
+[F (i, j, k∗, l∗)− F (i∗, j, k∗, l∗)]− [F (i, j∗, k∗, l∗)− F (i∗, j∗, k∗, l∗)].
Theorem 5.1. Let F : Znp → Zp be a p
α-Lipschitz function, represented via van
der Put series as
F (x) =
∑
m1≥0
· · ·
∑
mn≥0
pmax{⌊logp m1⌋−α1,...,⌊logp mn⌋−αn}am1,...,mnEm1,...,mn(x).
(1) The function F has a root in Znp if and only if there exist at least one index
j ∈ {1, . . . , n}, such that the projection function fj(z) (defined in 4.5) has
a root.
(2) Let l0 be a positive integer and let z = (z1, . . . , zn) ∈ Z
n with 0 ≤ zk <
pl0+αk for k = 1, . . . , n and satisfying
F (z) ≡ 0 mod pl0+min{α1,...,αn}.
Consider a non negative integer l with l ≥ l0. Set alsom = (m1, . . . ,mn) ∈
Zn≥0 satisfying mi < p
l for i = 1, . . . , n and mi ≡ zi mod p
l0+αi . For l and
m as above assume that there is at least one index j ∈ {1, . . . , n} such that{
p−lR(m1, . . . ,mj−1,mj + rpl,mj+1, . . . ,mn) ; r = 1, 2, . . . , p− 1
}
= {1, 2, . . . , p− 1}.
Then there exists a unique ζ ∈ Zp such that F (ζ) = 0 and ζk ≡ zk mod
pl0+αk , for every k ∈ {1, . . . , n}.
Proof. The proof of the first part is an easy variation of the proof of [23, Theorem
2.1], taking into account Proposition 4.1. The proof of the second part consists in
the construction of a root ζ = (ζ1, . . . , ζn) ∈ Z
n
p of the function F . This root will
be found as the lifting of z ∈ Z≥0.
As in the proof of Theorem 3.3, assume that µ = (µ1, . . . , µn) is a root modulo
pl of F , i.e.
F (µ) = F (µ1, . . . , µn) ≡ 0 mod p
l,
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which implies that F (µ) = tpl, for some t ∈ Z. Following the idea of [7, Thm. 3,
Sec. 5.2], we shall show that there exists some i ∈ {0, . . . , p− 1} such that
(5.1) F (µ1, . . . , µj−1, µj + i · p
l, µj+1, . . . , µn) ≡ 0 mod p
l+1.
Without loss of generality we may assume that j = 1, and then by Theorem 4.1 we
have:
Aµ1+i·pl,µ2,...,µn = [F (µ1+i·p
l, µ2, . . . , µn)−F (µ1, . . . , µn)]+R(µ1+i·p
l, µ2, . . . , µn).
With this equality at hand, finding i ∈ {0, . . . , p − 1} such that (5.1) holds is
equivalent to find such i verifying
(5.2) R(µ1 + i · p
l, µ2, . . . , µn)− F (µ1, . . . , µn) ≡ 0 mod p
l+1.
By the same reasoning that lead us to (4.8) in the proof of Theorem 4.2 one has
that pl divides to R(µ1 + i · p
l, µ2, . . . , µn). Dividing by p
l in (5.2), we reduce our
task to find i ∈ {0, . . . , p− 1} such that
p−lR(µ1 + i · p
l, µ2, . . . , µn)− t ≡ 0 mod p.
This is precisely the case under the hypothesis on the set{
p−lR(m1, . . . ,mj−1,mj + rpl,mj+1, . . . ,mn) ; r = 1, 2, . . . , p− 1
}
.
Finally we conclude with the construction of the root ζ = (ζ1, . . . , ζn) ∈ Z
n
p of the
function F as in the last step of the proof of Theorem 3.3. 
Remark 5.1. The hypothesis over the function R(m1, . . . ,mj + rp
l, . . . ,mn) in
Theorem 5.1 can be explictly given in terms of the coefficients Am1,...,mn (or equiv-
alently am1,...,mn) of F in its van der Put expansion. For instance, if n = 2, one
has
R(µ1 + i · p
l, µ2) = F (µ1 + i · p
l, µ2)− F (µ1, µ2) =
∑
i2⊳µ2
Aµ1+i·pl,i2
=
∑
i2⊳µ2
pmax{l−α1,l−1−α2}aµ1+i·pl,i2 = p
l ·
∑
i2⊳µ2
pmax{−α1,−1−α2}aµ1+i·pl,i2 .
So in this case, the condition is that ∑
i2⊳µ2
pmax{−α1,−1−α2}aµ1+r·pl,i2 ; r = 1, 2, . . . , p− 1
 = {1, 2, . . . , p− 1}.
Finally we present a version of our main Theorem for multivariate 1-Lipschitz
functions, generalizing Theorem 3.2.
Theorem 5.2. Let F : Znp → Zp be a 1-Lipschitz function, represented via van der
Put series as
F (x) =
∑
(m1,...,mn)∈Zn≥0
pmax{⌊logp m1⌋,...,⌊logp mn⌋}am1,...,mnEm1,...,mn(x).
(1) The function F has a root in Znp if and only if the equations F
k
(x) ≡
0 mod pk, are solvable for every k ≥ 1.
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(2) Let l0 be a positive integer and let z = (z1, . . . , zn) ∈ Z
n with 0 ≤ zi < p
l0
for i = 1, . . . , n and satisfying
F (z) ≡ 0 mod pl0 .
Consider a non negative integer l with l ≥ l0. Set alsom = (m1, . . . ,mn) ∈
Zn≥0 satisfying mi < p
l for i = 1, . . . , n and mi ≡ zi mod p
l0 . For l and m
as above assume that there is at least one index j ∈ {1, . . . , n} such that{
p−lR(m1, . . . ,mj−1,mj + rpl,mj+1, . . . ,mn) ; r = 1, 2, . . . , p− 1
}
= {1, 2, . . . , p− 1}.
Then there exists a unique ζ ∈ Znp such that F (ζ) = 0 and ζi ≡ zi mod p
l0 , for
every i ∈ {1, . . . , n}.
Proof. The proof of Theorem 5.1 can be adapted step by step for the case of 1-
Lipschitz functions. 
6. Final Remarks
In this work we have proved a Hensel’s lifting lemma for a new class of multivari-
ate p-adic Lipschitz functions. In the search for the correct statement of our results
we have developed some part of the theory of higher dimensional p-adic functions
F : Znp → Zp. Some of these developments include a description of the orthonormal
van der Put base of C(Znp → Zp), the introduction of the new class of p
α-Lipschitz
functions and their characterization in terms of their coefficients in the van der Put
basis. We think that these constructions are of independent interest and contribute
to the study of higher dimensional p-adic analysis, they may as well, stimulate fu-
ture studies on p-adic dynamics. Some possible directions that may be of interest
to the community working on these topics include the study of Bernoulli maps, or
more generally of locally scaling functions like in [9,11,15,16]. Another mater that
could be of some use is to link the class of pα-Lipschitz functions with the class
of compatible functions defined in [4]. It is also very natural to try to extend the
results of [14] to higher dimensional p-adic functions. Finally, it is also likely that
some of our results may be extended to the field FqJT K, as in the works [10, 12].
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